Equivalent stiffness of clamped plates should be prescribed not only to evaluate the strength of bolted joints by the scheme of "joint diagram" but also to make structural analyses for practical structures with many bolted joints. We estimated the axial stiffness and bending stiffness of clamped plates by using Finite Element (FE) analyses while taking the contact condition on bearing surfaces and between the plates into account. The FE models were constructed for bolted joints tightened with M8, 10, 12 and 16 bolts and plate thicknesses of 3.2, 4.5, 6.0 and 9.0 mm, and the axial and bending compliances were precisely evaluated. These compliances of clamped plates were compared with those from VDI 2230 (2003) code, in which the equivalent conical compressive stress field in the plate has been assumed. The code gives larger axial stiffness for 11% and larger bending stiffness for 22%, and it cannot apply to the clamped plates with different thickness. Thus the code shall give lower bolt stress (unsafe estimation). We modified the vertical angle tangent, tanϕ, of the equivalent conical by adding a term of the logarithm of thickness ratio t 1 /t 2 and by fitting to the analysis results. The modified tanϕ can estimate the axial compliance with the error from −1.5% to 6.8% and the bending compliance with the error from −6.5% to 10%. Furthermore, the modified tanϕ can take the thickness difference into consideration.
Introduction
In a bolted joint, the bolt and the clamped plates are deformed as one body under working loads, such as external forces and external moments. Under these deformation conditions, external forces and moments are divided into additional load on the bolt and that of clamped plates in proportion to the stiffness ratio of bolt and clamped plates. For example, the bolted joint subjected to offset axial force is estimated by the superposition of axial force on the bolt axis and bending moment (4) . Thus, the stiffnesses of clamped plates under external force and moment are crucial in strength design guidelines (1) ~(4) of bolted joints. To evaluate the deformation or the vibration characteristic of industrial product structures jointed with a large number of bolts by using finite element (FE) analyses, what is needed is a simplified bolted-joints analysis model, in which equivalent stiffnesses of bolted joint are used, with a small number of elements (5) ~ (10) . For example, the bending stiffness of a bolted joint affects the natural frequency of the structure jointed with bolts (9) . Therefore, the FE model and the strength evaluation of bolted joints require that the stiffnesses of clamped plates under axial load, bending moment and torsional moment are precisely estimated.
We previously calculated the stiffnesses of clamped plates under axial load and bending moment by using FE models taking contact condition between clamped plates into consideration (11) . The stiffnesses calculated by FE analyses agreed well with the German engineering society code, VDI 2230 (2003) (4) , in which equivalent conical compressive stress fields in the plates had been assumed. However, this code gave the maximum difference of 11% large axial stiffness. In addition, the code had much quantitative error when applied in the case of clamped plates with different thicknesses. When the stiffness of clamped plates is estimated to be comparatively small, internal force borne to the bolt is predicted to be slightly smaller than the actual internal force. Accordingly the code gives a slightly unsafe estimation. Thus, the stiffness calculation should be improved. In this paper, the equivalent stiffness model of clamped plates in VDI 2230 (2003) was improved to make it able to precisely estimate the stiffness in the case of clamped plates with different thickness. Figure 1 schematically shows a bolted joint. When two plates are joined with sufficient clamping force and the contact conditions between the two plates are maintained under external force, the subjected external load is transmitted from one plate to the other through the clamp solid shown in the figure. The stiffness of the clamped plates, therefore, is expressed as the stiffness of the clamp solid. (4) , the clamp solid is assumed to be an equivalent cone as shown with dashed lines in Fig. 1 . For a through bolted joint, the helix angle of the equivalent cone, ϕ, is obtained as follows:
Stiffnesses of clamped plate
In this equation, D o is the outer diameter of the head-bearing surface, l f is the clamping length calculated by adding the thicknesses of two clamped plates, and D c is the outer diameter of the clamped plates. The maximum diameter of equivalent cone D A,Gr is calculated as follows:
in which w is called the joint coefficient and w=1 for a through bolted joint. When the clamped plates are large enough such as D c >D A,Gr , the axial compliance of the clamped plates, δ c , is obtained as follows:
in which D i is the hole diameter, and E c is Young's modulus of the clamped plates. The bending stiffness is calculated from the second moment of the equivalent cone area as follows: 
Analysis Method

Analysis model
The analysis model of the previous study (11) was used in this study as well. We estimated the stiffness of the clamped plates under clamping force, axial external force, and bending moment by analysing something with a 3D FE model that took the contact conditions between the clamped plates into consideration. Figure 2 shows the analytical model and its material properties. Figure 3 shows the 3D FE model. The analysis model consisted of two steel plates clamped by a steel bolt. The clamped plates and bolt had the elastic material properties of steel. The upper and lower bearing surfaces and the surface between the plates were covered with contact elements, and the friction coefficient of these contact surfaces was µ=0.15. The plate thicknesses t 1 and t 2 were 3.2, 4.5, 6.0 or 9.0 mm (a thickness of 3.2 mm being expressed as t3.2), and t 1 and t 2 were varied with all combinations. The bolt section on the surface between the clamped plates was fixed to the axial direction (z direction). Moreover the cross point of the bolt axis and the surface between the plates was constrained to the x direction. We used a half model because of the symmetry of the bending moment, and the symmetric sections of the bolt and the clamped plates were fixed to the y direction. The diameter of the clamped plates was equal to 5D o so as not to affect the contact pressure distribution between the clamped plates. Analyses were carried out with ANSYS® ver.11. Table 1 shows some of the dimensions in Fig. 2 , the clamping force (preload) F f , the thread stress under the preload, σ zS , and the average pressure on the bearing surface under the preload, p w . Nominal bolt diameter was varied from M8 to M16, and the material strength of the bolts was 4.8 of ISO grade. The bolts were assumed to be full thread bolts, and the bolt model was assumed to be a cylinder with the minor diameter of the bolt thread. The hole diameter was defined as Class 2 value in JIS B1001. The outer diameter of the bearing surface was defined as being equal to that of a hexagon head with a washer stipulated in JIS B1180. The nut and bolt heights were equal to that of the hexagon head bolt specified in JIS B1180, though the nut is higher than the bolt head in the actual bolt. The preloads were given so as to be 70% of the yield pretension defined in JIS B1083. Pretension elements of ANSYS® were applied to the bolt section to give the preload. The thread stresses were 220 MPa. On the other hand the average pressure on the bearing surface varied from 166 MPa to 238 MPa in accordance with the nominal diameter of the bolt.
Load condition
The axial force and bending moment similar to those in the previous study (11) were supplied to the analysis models as shown in Figs. 2 and 3, and the axial and bending stiffness values of the clamped plates were estimated. We aimed to estimate the ideal stiffness of the clamped plates such that the entire external load would contributes to deformation on the bearing surface of the clamped plates. The load, therefore, was applied within the bearing surface. Figure 4 shows the load conditions of the axial force. Negative pressure, which corresponds to the axial force W a , was loaded on the bearing surfaces of the upper and lower clamped plates. Figure 5 shows the load condition of the bending moment. When a bending moment that is a non-axisymmetric load was applied to an axisymetric model (such as a cylinder) with axisymmetric elements, it is expanded into the first order Fourier series. Consequently, the result obtained is the first order Fourier integral of the axisymmetric results (13) . In this study, 3D solid models were used because nonlinear analyses including contact conditions were carried out. 
Analysis Result
The analysis model in Figs. 2 and 3 was subjected to preload of bolt first and then the axial force as shown in Fig. 4 second. The compression force of the clamped plates was calculated by integrating the contact pressure between the clamped plates in the contact area. The deformation of the bearing surface was estimated as the average of the deformation at the outer bearing diameter and that at the hole diameter, though the bearing surface deformed like a cone-shape. The compression deformation of the clamped plates was set to the deformation difference between the upper and lower bearing surface. The axial compliance δ c under the axial load could be calculated from the slope of the relationship between the compression force and the compression deformation. The axial compliance did not depend on the diameter at which the deformation of the clamped plates was estimated (11) . For example, the axial compliance δ c of analysis results and that calculated by Eq. (1) of VDI 2230 (2003) were compared for an M10 bolt by varying the clamping length t 1 +t 2 as shown in Fig. 6 .
Next, the bending compliances of the clamped plates under the bending moment were evaluated with the analysis models in Figs. 2 and 3 those were subjected to the load condition in Fig. 5 . The bending moment of the clamped plates was obtained as a surface integral of the product of the contact pressure between the clamped plates and the x coordinate in the contact area. The bending compliance was derived from the slope of the relationship between the bending moment of the clamped plates and the incline difference between the upper and lower bearing surface. For example the bending compliance β c of analysis results and those calculated by Eqs. (1), (4) and (5) The axial and bending compliances of analysis results agreed well with the values of VDI 2230 (2003) . However, the analysis results were 11% larger than the value of VDI 2230 (2003) for the axial compliance and 22% larger for the bending compliance in some cases. VDI 2230 (2003) may give higher stiffness because it was evaluated from an analysis model that fixed the surface between the clamped plates. If the stiffness of the clamped plates were estimated to be higher than the actual stiffness, i.e. lower compliance than the actual compliance, the bolt stress would be estimated to be lower than the actual stress and this would provide an unsafe result. VDI 2230 (2003), therefore, may turn out to provide an unsafe evaluation.
The compliances of the analysis results were two values at the clamping lengths t 1 +t 2 close to 9 mm and 12 mm. These were obtained with t 1 =t 2 =4.5 and t 1 =3.2, t 2 =6.0 for t 1 +t 2 =9, and with t 1 =t 2 =6 and t 1 =3.2, t 2 =9.0 for t 1 +t 2 =12, respectively. It shows that the compliance with plates that have the same thicknesses was different from that with plates that have different thicknesses. Plates with different thicknesses gave higher compliance values than those with the same thicknesses. When the clamped plates had very different thickness, their stiffnesses were lower than those given in VDI 2230 (2003), in which the thicknesses are assumed to be the same. This is because the thin plates exhibit large deformation and provide low stiffness values.
Improvement of the stiffness of the clamped plates
In the previous chapter, VDI 2230 (2003) gave larger stiffnesses of the clamped plates than the analysis results. Moreover, the larger the difference in the clamped plates thicknesses, the greater the stiffness difference between the analysis result and VDI 2230 (2003) . The helix angle of the equivalent cone, tanϕ, is based on the analysis results of Lori et al. (9) , who analysed the model shown in Fig. 8 . Lori et al. determined the parameters of Eq. (1) for tanϕ by using multi regression analysis with the FE results, in which the dimensions of the bolt and clamped plate varied widely such as l f /D o =0.59~4.82. In this analysis model, both clamped plates had the same thickness and the analysis model was assumed to be vertically symmetric; the contact surface between two clamped plates was fixed. Thus, the contact surface between the clamped plates could not separate, and the stiffness of the clamped plates was thought to have been estimated higher than the actual stiffness. Furthermore, this model could not take into consideration the thickness difference between the clamped plates. Fig. 8 Lori's model of finite element analysis (9) In this study, we estimated the axial compliance with the model that took the contact condition between the clamped plates into account as shown in Figs 2 and 3 . Moreover, this model could evaluate the model of the clamped plates with different thicknesses. On the other hand, the model was restricted to thinner clamped plates, such as l f /D o =0.11~1.29, than Lori's model. We estimated the value of tanϕ with the axial compliance of the analysis result as shown in Fig. 6 by using an iterative method, namely quasi Newton's method.
The relationship between the value of tanϕ calculated with the axial compliance of the analysis result and the thickness ratio t 1 /t 2 (in which t 1 <t 2 ) is shown in Fig. 9 . The value of tanϕ was found to increase as the thickness ratio t 1 /t 2 increased. To compare clearly this analysis result of tanϕ and the value of tanϕ calculated by Eq. (1), the difference between these two tanϕ values was evaluated. The relationship between the difference in two tanϕ values and the thickness ratio t 1 /t 2 is shown in Fig. 10 . The analysis results of tanϕ are roughly divided into two types, that of M8 and M16 and that of M10 and M12. For both types, the analysis result of tanϕ increases as the thickness ratio t 1 /t 2 increases and the difference in the analysis result and VDI 2230 (2003) shrinks as the thickness ratio t 1 /t 2 moves closer to one.
In Fig. 10 , the approximated equations with logarithmic function of t 1 /t 2 are written for the four analysis results from M8 to M16. All the four analysis results are clearly represented with logarithmic functions of t 1 /t 2 . The coefficients of ln(t 1 /t 2 ) with the approximated equations, which are within the region from 0.0625 to 0.0764, do not differ much, and the average value is 0.0717. The constant terms of the approximated equations represent the differences from VDI 2230 (2003) for t 1 =t 2 . The larger the absolute value of the negative constant term, the lower the stiffness. The constant terms of M10 and M12 are negative such as −0.039, which is the stiffness of those lower than VDI 2230 (2003). On the other hand, the constant terms of M8 and M16 are positive. 
In Eq. (6), the logarithmic functions, 0.0717ln(t 1 /t 2 ), in which 0.0717 is the average value of the coefficients of ln(t 1 /t 2 ) in the approximated equations of Fig. 10 , is added to Eq. (1). When t 1 =t 2 , ln(t 1 /t 2 ) becomes zero, and the form of Eq. (6) is coincident with that of Eq. 
Conclusion
We evaluated the axial and bending compliances of clamped plates by using finite element (FE) models of bolted joints taking the contact conditions into consideration. Moreover, we improved the equivalent stiffness of the clamped plates in present VDI 2230 (2003) . The following results were obtained in our work: (1) VDI 2230 (2003) specifies 11% large axial stiffness and 22% large bending stiffness in some several case, so the code gives slightly unsafe estimation. In addition the code gives large errors when applied in the case of clamped plates with different thicknesses due to the symmetry model assumed in the FE model of VDI 2230 (2003) . (2) The helix angle of the equivalent cone, tanϕ, was calculated from our FE results.
According to the relationship between the analysis result of tanϕ and the thickness ratio of t 1 /t 2 , we improved an equation of tanϕ by adding the logarithmic functions of ln(t 1 /t 2 ) and by modifying the constant term. (3) When the modified equation of tanϕ was applied to the bolted joints with l f /D o =0.11~1.29, the modified tanϕ could precisely estimated the axial compliance within the errors from −1.5% to 6.8%, and the bending compliance within the errors from −6.5% to 10%.
